Complex Numbers Advanced Revision January 19, 2013

Advanced Revision Questions

Complex Numbers

Revision Exercise (Advanced)
1. If z = x +iv and 3(z — 1) = i(z + 1), find the value of x and the value of y.

Swhinm XHy £z | 3 (xaiy -\ )= ((x+iyt 1)
expand IX 43 -2 = iy F Y+l

Re=fe | 3x -2 = -y
3x+Yy = 3 M

\M='hn 33 =X + |
-X -\-33 = | ®
Sbl%
M+28 Ix +y=73 Sub in:
-3x ¥4y =13 3y=x +I
|03 =6 2/3\N-1 =X
35 b/lv (s’)
11:3/§ q/g"l =X
X =4/
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2. Given that 2 + 37 is a root of 2z° — 9z + 30z — 13 = 0, find the other two roo0ts.

Conjugate Root theorem £ 242, IS a fest So is 2-21

Form quadratic

Sum of Roots: (2+3i)+(2-2i)= 4+0i
peodluct of foots = (2431 (2-3i) = 4547 =13
Z- (et +(00)=0| > 2’4z +13=0

Divide to get 3rd 2z - |

linear factor 242 +12 ) 27 -92*+ 302 -12
322292 F 262

-2/ + 47—

o 1'.T_ E:t 3

Use factor to write root fﬂd‘bﬂ i (2 2> — |) =0
2z =(
2z =2

3. Express V3 + i in the form r(cos 0 + i sin @).

Use de Moivre’s theorem to simplify (V3 + i)'

Polar form v = W =\[’?+T=JTI'_=2.
e

r=7
b=7

B = +an! (l/{-b = Tr/é

J3+1 = 2(cos T, +igin ")

(\fi+'\)"= [2(cs W +isinTy )"

de Moivre = 2'[ css (M) + isin ||(rp‘)]
= " (‘ﬁ'/,_ -5 1)
= 2°(& 1)

\

o242 - 02y )
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4. The roots of the quadratic equation z* + pz + g = 0 are 1 + i and 4 + 3i.
Find the values of p and g. / |

Z* '(Rl + K;)z + (ﬂuﬂz)‘o
> .o =—(¢, +£z) Gnal 9= R,

Sum of Roots

(+i)+(4+3) = G + ki

p= -5-ui
Product of Roots (| _,,;)(q,l,g',) = G4+ +Y4i FUF = | +F
9 = I+
Other method
Sub. s Rods
£ =0
and Selve ,
Sim. equations
5. If w, = 7% —+ \/2§i and w, = (w)?, find wo.
Prove that w,; + w, = — 1.

@woP=aszn | W =(-5+81) = % - 2(Bi) # 35

> W = -5 -8
e (3507058
2
= -] ®
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If p= 2(cos Tﬂ— + i sin %),ﬁnd 7, the complex conjugate of p. Prove that pp is a
real number.

6.

use calculator _ L N
P = 2 ( 2 v'7 ')
to write in Cartesian form

-3

\

| + {3

D o
=
i
I

O+3iX1-gi)
| = 37

difference of 2 squares

\l

-=q_ ©

1+ 2i)?
7. Express % in the form a + bi.

a* + Zab +b* (1+2i)* = | +4iF &~ = -3+

multiply above and (""2")1 = (’3*4'3(' -H)
below by the conjugate |- (l-\')( [+i)

- -2 - 21 + q"l 1 q/l’y
Difference of 2 Squares | x Il‘

= -3 + i

2
= -3 4+ 1
2 2 v/
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-3+

8. Find the value of k if the real part of T+ ki

is =3,k # 0.

ForJ0-KD  _ -3 v2k 4L EKY

{1+ (1K) 2l yd
> (-3¢K) + (3k+) 0 _ (34 rhrn))
(T+ K (FE) (1K)
ﬂz:f(_ >) ~3¥k  _— -3
| I

> —3xk=-3(1+K?)

2 A= oF K
KT +K =0
K{ 3K +|)',o

Ic/'/o ) Y1 =D
’(9-‘/3 v

9. Simplify (cos T + isin 7—7) (cos T+ isin 1)2.

3 3 12 12
Y, Cos T 4+ 1S 1)1' = LS
Ao Whoivre (o 2 Sim 12 (C_oS' ?_-'T_T_:- 4+ 1 Sin {ll_l;:)
A = 11- 1S E = 1
Se calew later (Cos ,6 + 1 Sin i ) (Jjg- + Aj |)

> ol = (5 +SiX% +50)

=(E)D) + &) HBA®) <S4
= %/ Fgio 2i¥ %}
= “

v
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10. Show that 1 + 2/ is a root of the equation z? — (3 + 3i)z + 5i = 0 and find the

other root.

2* (Rt )z ¥ (@uks)=D Sun. of Aoots = 2+3;
bt othy rect be Xty
cumof oots | D> (1+ai) +#(x tyi) =(3+3))

Subtract (1+2i) > x+gi = 2+32i —l-24
= 2+ v

11. Simplify the following expression giving your answer in the form a + bi,a,b € R

T s s TT\2 2ar C 2\
(COS 3 + I s1n .?) (COS =5 + I s1n T)

de Moivre (cos"l, + iSin 1%)1— = (CoS 2._‘% + ISm 7_-_1;1 )
uSe calculatsr = (-li + ‘ﬁlg_\)
de Moivre (cos o+ i sia .’l.%r)"L = (CDS lr(%") +13in ‘r(‘-_{-'))

use. caleuloter = (Cus Sz + (Sin E-rr/s) = (—-'1_ + ‘r:’;i)
To o (i) g
@ = v - G ) (G
- F-8iF 27

—
- e -—

pl&

L
2 v
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z? + z2 + 4z + p = 0, where pis real,is 1 — 3i.

12. Omnme of the roots of
Find the value of p and the other two roots.

Conjugate root theorem I-F |=31 iS &« fost =2 | +3i € a fost Vs
quadratic factor =?
(0t + @)D Sun of toits = (1+2i) 4-(! -3.)‘ =2
Product of Roots = (1+3;)(1-3i)
Difference of 2 squares = | st 1}" = (D
quadratic factor =2 2*_ 232 +Ip=0
Z + 2
divide Z2* - 22 +I0 ) + 2" +‘f-z-+'o
Rennainder =0 * 22 %02
[ ly
:zZ( féZ J—z{
=2 /0 =30 V
FhAcTor RooT
(243)=0 > zZ=-2

13. Given x + iy = V8 — 6i.
By squaring both sides of this equation, use simultaneous equations to find the

values of x and y.

(x+iy)" = g-¢i
(a+b)’.= a* + Zab + b* Xz.}— 2x7|:}——31)’f = §-61
x‘--—&‘ -\—1in = g —bi
Re=te | (m=in X*-y*=2 O 2xy =6
Xy =3 @
Solve fon @ > X= 3/5
€adC 5C3) - y=3
(%z)—v =3
multiply by :,‘ 7 - v" =
. y'+¥y*-1=o0 My
'ﬁ‘d'bn‘e (5 +q)cv _‘)-o x=’° 3__3
Sinee y ER J*= )U' X=” 1.
|0n«eh-ms-\t&n 3:.35 X=-3A =+3
Solutions B -3+l.=J?—'e,T' wmd  ¥5-)i=[3-¢i
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0&0@. pelyy M\J.

hos "4 sol
I =i
1% IF € is Solution
ns—i =2 F(H) =0
.l*sl
bm = Im
+Jz. Since i€

sd\sfuf eok ouol

aginety epshols

0&0 em\a-(

hes "4 S

quadratic factor?
bAR (4 +h)z +(Ri2:)=D

Divide

Solve quadratic

4 Solutions

14. Find the value of ¢ for which ¢/ is a solution of the equation
z4 — 2z + 7z2 — 4z + 10 = O.

Hence find all the solutions of this equation.

> (8)"-2(6) « 1) - 4(6) + o =0
e (1) —2(9)(-.)+J,(e)( 1)-4&i +1o =0
¢+ 25-3 —4ti+0=0 O

- Ft*+10=0
((:" —SXE"-— 2 )=o
t"s g. Et=12

e=25 b E=%j2

26% - 4t =0

€ -2¢ =0

t(e*-2)=0

l:=o) E*=2 = €=t]2

& = Solutrow V4

3 b =17

14. Find the value of ¢ for which # is a solution of the equation
z4 — 223+ 7z2 — 4z + 10 = 0.

Hence find all the solutions of this equation.

b =287 |

7' ($-F)2 + (G)E) =o
Z*ro02 T2 3 2*+02 +2 <o

2*+02+2) 2)‘

.-2% +5

22° + 72t -42 +lo
¥ oz’ +2z*

52 ~4=2
z” F0z2* T4a

S9F + 0 +I10
‘3-%'\‘){

2¥-22+5 =0

Z= +7_+J -4 ()6 = z-.tJlf =z*r" 4

20)

2= —Ei,ﬁ.i) I+ 25

=2
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15.

Given that z is the conjugate of z and z = a + bi where a and b are real, find the

possible values of z if zzZz — 2iz = 7 — 4i.

Difference 2 Squares

In = b

Re = Re.

xnee ansder in
boske inco/rectty

hes a=-2

2 =a4b) 3 2= a-b
Zi = Rz ib"-)" = A%+ b?
~2iz = -2i(a+bi)= —2ai L2b}* = 2b- 24

=

> z2z2-22 =

A*+b*+ 2b - 220 = F - 4i

> ~2a=-4 3 a4=2
a* +br+2b = F
Q)Y +b +2b =7

b*+ 2L -3=0

(b =1 Jb+2)

b= b=-3

>

=

)

=2 &a+bi = 2+

Re = ke

I = by

@0

x f*
Safve.

But p is reat
p#ti

16. Determine the real p and g for which (p + ig)?> = 15 — 8i.
Hence solve the equation (1 + )z?> + (—2 + 3z — 3 +2{ =0

(p+i9)* = p*+2pyi F4%=I5-8

> Pz"f 4—1mi = 15 -9,
P"azz—zl'; ® 2P1= -9
= -4

9
PV “4/p @

=

/S

p- (L)

b= -tp

4=-4/4
4= -l
9= -t/-¢
1'_"—

p" —1b6 =15 p*
"’—15’0"' ~lb =0

(P —kXp+1)=0
pr=1b | pr=-I

/o=-_':q P.=4_-;

-
=

Solutian

S pry = 4-1 or -G+ v
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expand

fe.s(c a2 [na

Divide

factor
¥
Solutivn

7. Solutions

16. Determine the real p and g for which (p + ig)* = 15 — 8i.
Hence solve the equation (1 + )z? + (—2 +3i)z —3 + 2/ =0

[2* +2° =22 +32i -3+ 2i=0

Z2¥—-2% -3 =0 2% 422 4+ 2 =0
(2 -3 )= x1)=s (Z+1 Xz+2)=0
2=3 | z=-| 2="1 ,2=-2

= Z=-| i solution fo original equation
S‘I-uc-. H’ ga-d'sfﬂs Hea fc-\l luJ |'A-Aa;nn\ly d,-u{ms
> (2+1) is a fackor

(1+i)z + (-3+2i)
Z+) )'(lj--/)z‘ +(—2+3i)= -3+2|
FQF)2T F (i)
(—3»:7’)’* =S o/
F(-3¥21)2 %AT" I
(14)2 + (-3+21) =0

z=7(3420) = (+3-2iX1=1) = 3-31-2F%F _ (-6

(\+i) O+ 1=1) | X * 2
z==-1 , 2= L% v

January 19, 2013

10



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10

