Sequence and Series Class Noes 4.2 and 4.3 February 02, 2013

6. In an arithmetic sequence, 73 = 27 and 75; = 37,. Find expressions in terms of n for
T3, T and 7T, and hence find the values of ¢ and 4.
Write down the first six terms of the sequence.
T,= a+(n-)d To=a+{(r-)d o Tz = a +12d
Te=a+(>-)d > Th=a+c0d
T, = a+(2-0d > T,= a+d
Ty=27 = a+ lzad=2% O
T3 =32 a+rLled =3 (g40)
a+ ¢d= 3a +34 .
3d = 2a 2 d= 3 a @
>0 a+ 12(%a)=2%
a+ %a =2F
Qa = 2% > 4=2 0
@@ d= Zw 2 d=2
7.

(i) If 2k + 2,5k — 3 and 6k are three consecutive terms of an arithmetic sequence,
find the value of k., k € Z.

(ii) Given that 4p, —3 — p and 5p + 16 are three consecutive terms of an arithmetic
sequence, find the value of p, p € 7.

W) T, - Tw=d | > (Br-3)—(2k+2)

!

(6k) — (5k-3)

SKk-% -2k -2 = LK-CK +3
ouswias 3K-§ = Kk+3
at way getd ZK = 8
K =4

Check:  A(4) +72, S(4)-3, L(4)
(o, 1%, 2% ..
TS 1S an arithmetic  Series , d =7
@ > (“3-p—lp) =(Sp+1b) - (~3-p)
—’S-F-‘fpr— §F+I6+Z+p
3 -Sp=bp+ 19
~Hp= 22

p= -2

4(-1) , =3-(-2) , 5+

_8 ,—'16 ?m d.:q’

chack :
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Three shapes were drawn on a wall.
The second shape was removed accidentally. Given that the shapes were drawn in
arithmetic sequence, draw shape 2. v/

(i) Write a number sequence for the number of circles used in each shape and hence
find 7, for the sequence.

(i1) How many circles are needed for shape 157
(iii) Which shape requires 164 circles?

. | 12, 20,23

Th=a+ (n-1)d Ty = 12+ (n-1)g
TVI= |2+gh—g
q'-l’gh

—
S
\l

) Te = 4 +8(5) =124
w7 (i) b4 = 443 =  [bo =%Bn

n =20

The Great Gauss Summation Trick

One of the most famous mathematicians of all times was named Karl Gauss. One day,
as the story goes, his teacher gave the class an assignment to keep them busy so

that he could take a nap in the back of the class. The problem he assigned would

keep most of us busy for at least a half an hour, if not more. However, to his

teacher's surprise, young Mr. Gauss solved it in seconds.

Here is the problem the teacher assigned. Students were told to add all the whole
numbers from one to one hundred. That is, 1+2+3+4+5 ...98+99+100. In less time than
it took most students to write out this one hundred number addition problem, Gauss
got the answer. The sum is 5,050 he told his teacher confidently, and so it was.

But how did he arrive at this answer in so short a time?

Gauss was a genius, and geniuses sometimes see things differently than most of
us non genius types. But that doesn't mean that after being shown the way that
we can not solve a problem like a genius would, having first been shown the way.
Here is how young Gauss arrived at his answer so quickly. He observed that in

the series of numbers 1 +2 + 3 +4 ..97 + 98+ 99 + 100, the sum of pairs of numbers

from each end, and working in toward the middle summed to the same value,101.

In other words, 1 + 100, 2 +99, 3 + 98, 4 + 97 etc. all sum to 101! Since there
are fifty pair of numbers in the series 1 to 100, Gauss reasoned that the sum
of all the numbers would be 50 times 101 or 5,050.
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Exercise 4.3
1. Find S, and S, of each of the following arithmetic sequences:

G) 1+5+9+13+ ... (ii) 50 + 48 + 46 + 44 + ... ..
Gii) 1+ 1.1 + 1.2 + 1.3..... Gv) —7 34+ 1+5+.....

Sn= '—;[2a+(n-—l)al]
M a=l, d=4% | Sp= %[ﬂ(\)-l-(w—l)‘*] =2[2 T

‘-’l_i[_q,,'-—z] = M[ﬂn —l] =2n-n
St = 2(2e)" (s2)=F8o /
Sn= %[ﬂa-k(n—\)d]
@ a=5So ,d=-2 [2(.‘,—,) + (u_,)(_.-z) [Ioo -Zn +2]
5_‘ = %[lb?-—ﬂh] = V\[gl 'h] = 6ln -n®

\53.,’ 51 (20) - (20)* = b2o

Exercise 4.3
1. Find S, and S,, of each of the following arithmetic sequences:

G) 1 +5+94 13+ ... (ii) 50 + 48 + 46 + 44 + ...
Gii) 1+ 1.1 + 1.2 + 1.3 ... Gv) —7 —3+1+5+ ...

Sh= %[Qa-k(n-\)al]
i a=1, d=01| Sp="2[2(0+@-) (0] = 5[ 2+ 010 -0.1]
= "%[l-"l+0-l] = Qi +n?

20

Oz0 = 14(20) + (20)* _ 14420 = 39
20 /

Sh= %[2a+(n-\)d]
®az-2,d=t | g 2 o0 () @)= 5[ -1t +4n o

So=%[un-8] = wl2n-q] =22~

Sgo = 2(20)* =1 (25) = b2o
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2. Find the sum of each of the following:

(i) 6 + 10 + 14 + 18 + ... 50 (i) 1 +2+3 +4+ ... 100
(i11) 80 + 74 + 68 + 62 ... .. —34
@) In these question we first need

to discover which term is the last one.
Ta= a4 + (n-1)d a=b, d=Y4% , T.=So

n="7 > Go= 6L+ (Nn-1)k
Soz L+ Y%u-¢
S0 = 2t 4un

U3 = b,

12 =n

Sa=3l2a+-04)| > S, = %[ML)J«(m—n)q‘]
=Clizrue] = 6[ 58]

2. Find the sum of each of the following:

() 6+ 10 + 14 + 18 + ... 50 Gi)y 1+24+3+4+ .. ... 100
(iii) 80 + 74 + 68 + 62 ..... —34

In these question we first need

to discover which term is the last one.

Ta= a + (a-1)d a=1, o= , T,=l0D
ne? D loo= |+ (w-1))
loo = | +un —|

loo = n

Sn= '—;[20\+(n-—\)dj Sl°°7 \_b;_OL?.L‘) +(|w—ﬂ \)
F ‘Solz+qq:l P So[lol]

SIDD = Sofo S/
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2. Find the sum of each of the following:

(i) 6 + 10 + 14 + 18 + ..... 50

Gi) 1+2+3+44 ... 100
(iii) 80 + 74 + 68 + 62

In these question we first need

to discover which term is the last one.

Ta=a ¢ (n-)d a=%0, d=-b , T.=-34

o7 | D -3 = Go 4 ()LD
-4 = 0 “Lu+b
—3%Y% = %6 “bw
—[20 = “bWw

do = wn

Sn= -'—;[:Ia-t-(n—\)d] Slo = %Lﬂ(%b)"’ (%—I)[’L)‘]
= |lo [_Ibo *l‘l('é)_.]

= lo[lbo ~ 114 ] = (o[ ul]
00 = bbo
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